
Everywhere Continuous Non-
differentiable Function

Weierstrass had drawn attention to the fact that there exist functions which are

continuous for every value of  but do not possess a derivative for any value. We now

consider the celebrated function given by Weierstrass to show this fact. It will be

shown that if

x

f(x) =
∞

∑
n=0

bn cos(anπx)  … (1)

= cos πx + b cos aπx + b2 cos a2πx + …

where  is an odd positive integer,  and  , then the function

 is continuous  but not ��nitely derivable for any value of  .

a 0 < b < 1 ab > 1 + 3
2

π

f ∀x x

G.H. Hardy improved this result to allow  .ab ≥ 1

We have  and  is convergent. Thus, by Wierstrass’s  -

Test for uniform Convergence the series (1), is uniformly convergent in every interval.

Hence  is continuous  .

Again, we have

|bn cos(anπx)| ≤ bn ∑ bn M

f ∀x

f(x + h) − f(x)

h

=
∞

∑
n=0

bn cos[anπ(x + h)] − cos anπx

h
   … (2)



Let, now,  be any positive integer. Also let  denote the sum of the  terms and 

 , the remainder after  terms, of the series (2), so that

m Sm m

Rm m
∞

∑
n=0

bn cos[anπ(x + h)] − cos anπx

h
= Sm + Rm

By Lagrange’s mean value theorem, we have

| cos [anπ(x + h)] − cos anπx|

|h|

= |anπh sin anπ(x + θh)| ≤ anπ|h|

 .|Sm| ≤
m−1

∑
n=0

bnanπ = π
ambm − 1

ab − 1
< π

ambm

ab − 1

We shall now consider  .

So far we have taken  as an arbitrary but we shall now choose it as follows:

Rm

h

We write  , where  is the integer nearest to  and 

 .

Therefore  . We choose,  , so that 

i.e.,  which  for 

amx = αm + ξm αm amx

−1/2 ≤ ξm < 1/2

am(x + h) = αm + ξm + ham h

ξm + ham = 1

h =
1 − ξm

am
→ 0 as m → ∞ 0 < h ≤

3

2am
  … (3)

Now,

anπ(x + h) = an−mam(x + h)

= an−mπ[(αm + ξm) + (1 − ξm)] = an−mπ(αm + 1)

Thus

 .cos[anπ(x + h)] = cos[an−m(αm − 1)π] = (−1)αm+1

https://gauravtiwari.org/calculators/mean-value-theorem-calculator/


cos(anπx) = cos[an−m(amπx)]

= cos[an−m(αm + ξm)π]

= cos an−mαmπ cos an−mξmπ– sin an−mαmπ sin an−mξmπ

= (−1)αm cos an−mξmπ

for  is an odd integer and  is an integer.a αm

Therefore,

Rm =
(−1)αm + 1

h

∞

∑
n=m

bn[2 + cos(an−mξmπ]  … (4)

Now each term of series in (4) is greater than or equal to 0 and, in particular, the ��rst

term is positive, |Rm| >
bm

|h|
>

2ambm

3
  … (3)

Thus 

f(x + h) − f(x)

h
= |Rm + Sm|   ≥ |Rm| − |Sm| > ( 2

3
−

π

ab − 1
)ambm∣ ∣As ab > 1 + 3

2
π

therefore  is positive.( 3
2

−
π

ab − 1
)

Thus we see that when  so that  , the expression 

takes arbitrary large values. Hence,  does not exist or is at least not ��nite. 

m → ∞ h → 0
f(x + h) − f(x)

h
f ′(x)


